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Abstract
A Tychonoff space A is metrizably fibered if and only if there exists a continuous map F :A → B
onto a metrizable space B such that for each b ∈ B,F−1(b) is metrizable. We resolve a question
stated by V. Tkachuk by showing that every first countable Hausdorff continuous image of the lexi-
cographic square is metrizably fibered. We also observe that an example of S. Mardešic´ and P. Papic´
resolves a related question stated by Tkachuk.
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1. Introduction
In [9] Tkachuk studies metrizably fibered compact spaces, those compact spaces that
admit a continuous mapping onto a metrizable space with metrizable point inverses. He
also states several interesting questions. Among those are the following:
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fibered. Must X be perfectly normal?
(2) Is every continuous image of the lexicographic square metrizably fibered?
These are stated as Problems 3.5 and 3.6, respectively, of [9]. We answer the second
of these two questions by showing that every first countable Hausdorff space X that is the
continuous image of the lexicographic square is metrizably fibered. We also note that a
construction of Mardešic´ and Papic´ [6] resolves the first. Other interesting papers in the
area of metrizably fibered spaces include [1,4].
2. Preliminaries
A Tychonoff space A is metrizably fibered if and only if there exists a continuous
map F :A → B onto a metrizable space B such that for each b ∈ B , F−1(b) is metriz-
able. V. Tkachuk has provided some interesting and very useful inner characterizations of
metrizably fibered spaces:
Theorem. (Tkachuk [9, Proposition 2.1]) The following are equivalent for space (X,T ):
(i) X admits a continuous map p onto a second countable space M such that p−1(y) is
metrizable for all y ∈ M ,
(ii) X has a countable family γ of cozero open sets such that⋃γ = X and the set γ (x) =⋂{U ∈ γ : x ∈ U} is metrizable for any x ∈ X,
(iii) X has a family γ ⊂ T − {0} as in (ii) with the additional property that it is closed
with respect to finite intersections and for any x ∈ X and U ∈ γ with U ⊃ γ (x) there
exists some V ∈ γ such that γ (x) ⊂ V ⊂ Cl(V ) ⊂ U , and
(iv) X has a countable family γ of zero sets such that⋃γ = X and the set γ (x) =⋂{U ∈
γ : x ∈ U} is metrizable for any x ∈ X.
We establish some additional definitions and notation that we will use. A continuum is
a compact connected Hausdorff space. A Hausdorff space X is said to be an IOK if it is the
continuous image of some compact ordered space. If K is an ordered space and x, y ∈ K ,
then the set {x, y} is referred to as a gap of K if and only if {k ∈ K: x < k < y} is empty.
A gap {x, y} of K will be denoted by 〈x, y〉.
We recall that the lexicographic square S = [0,1] × [0,1] is the square equipped with
the interval topology given by lexicographic ordering: (x, y) < (x′, y′) if and only if x < x′
or x = x′ and y < y′. Note that [0,1] × {0,1} with the subspace topology of S is a closed
subspace of S but is not Gδ in S. S is therefore an ordered continuum that is not perfectly
normal. Throughout, we let S denote the lexicographic square, and, for each r ∈ [0,1], Vr
will denote the “r-vertical” [(r,0), (r,1)] ⊆ S.
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In [8] Simone investigates the “metric components” of a Hausdorff space X where X
is a Suslinian IOK. Define a relation R on X by xRy provided there exists a metrizable
continuum in X containing x and y. For each x ∈ X, define Mx = {y ∈ X: xRy}. Mx is
called the metric component of x. Simone shows that R is an equivalence relation, and if
X is also first countable then Mx is a continuum for each x ∈ X. Simone’s construction
in [8] motivates the following theorem. The proof of the following is adapted from that of
Theorem 4.2 of [2].
Theorem 1. Let f :S → X be a continuous mapping of the lexicographic square S onto
a first countable Hausdorff space X. Then there exists a continuous mapping p :X →
M from X onto a metrizable space M such that for all m ∈ M,p−1(m) is a continuum
in X and for all distinct a, b ∈ p−1(m), there exists a metrizable continuum in p−1(m)
containing a and b.
Proof. For each x ∈ X, define Mx = {y ∈ X: there exists a separable subcontinuum of
X containing x and y}. Let G = {Mx : x ∈ X}. If C is a separable subcontinuum contained
in Mx for some x,C is metrizable by Treybig [11].
We first show that Mx is a continuum for each x ∈ X. Mx is clearly connected so we
show that it is closed. Let p be a limit point of Mx and let {Bn} be a countable basis at p.
For each n, let xn ∈ (Bn ∩Mx). For each n, select a separable subcontinuum Mn in X such
that Mn contains xn and x. Then Cl(
⋃
Mn) is a separable continuum in X containing both
x and p. Therefore, p ∈ Mx and Mx is closed.
Now, assume that G is not upper semi-continuous. Then there exists g = Mx ∈ G, z ∈ g,
a countable basis {Bn} at z, an open set U such that g ⊂ U , and a sequence {hn} of mutually
disjoint separable subcontinua of X such that
(i) hn ∩ g = ∅ for all n,
(ii) hn ∩Bn = ∅ for each n, and
(iii) hn ∩ (X −U) = ∅ for each n.
For each n, select zn ∈ (Bn ∩ hn) and un ∈ (hn ∩ Bd(U)). Then zn → z and un → u for
some u ∈ Bd(U). Then, by Theorem 4.1 of [2], the continuum of convergence h of {hn} is
a metrizable continuum containing z and u. Therefore, u ∈ g which is a contradiction.
Let p :X → X/G be the natural map associated with the decomposition space X/G. It
is straightforward that p ◦ f (⋃r∈QVr) is countable dense in X/G, where Q is the set of
rational numbers in [0,1]. X/G is therefore a separable connected IOK and is metrizable
by [11]. 
The mappings f and p, the collection G, and the spaces X and M = X/G will hence-
forth be as in Theorem 1. For fixed but arbitrary x ∈ X, consider Mx ∈ G. Let L be the set
of all collections M = {mα} of disjoint non-degenerate metrizable continua in Mx such
that ifM ∈ L, m ∈M, and f (Vr)∩m = ∅ for some r ∈ [0,1] then f (Vr) ⊆ m. Since any
chain in L has its union as an upper bound, L has a maximal element N .
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projection π(f−1(⋃N )) may have only countably many non-degenerate components.
Therefore, all but countably many components of f−1(
⋃N ) are of the form Vr for some
r ∈ [0,1].
The proof of the following is very similar to that of Example 2.4 of Tkachuk [9], and
provides some insight into the structure of each f−1(m), m ∈N .
Theorem 2. If Z is a metrizable subcontinuum of Mx then there are at most countably
many verticals Vr ⊂ S such that f (Vr) contains more than one point and f (Vr) ⊆ Z.
Proof. Assume not. Then there exists a metrizable subcontinuum Z of Mx such that the set
V (Z) = {r ∈ [0,1]: f (Vr) ⊆ Z and |f (Vr)| > 1} is uncountable. Let d denote a compati-
ble metric on Z. For each r ∈ V (Z), select (r, a) and (r, b) in Vr so that f (r, a) = f (r, b).
Then there exists an ε > 0 and an uncountable collection C of such pairs of points such
that d(f ((r, a)), f ((r, b))) ε.
Then there exists an infinite subsequence {r1, r2, r3, . . .} of elements of V (Z) so that
either (r1, a1) < (r1, b1) < (r2, a2) < (r2, b2) < (r3, a3) < (r3, b3) < · · · or (r1, a1) >
(r1, b1) > (r2, a2) > (r2, b2) > (r3, a3) > (r3, b3) > · · ·. In either case, the sequence is
monotone so that there exists a t ∈ S such that (ri , ai) → t and (ri , bi) → t , where t is
clearly of the form (r,0) or (r,1).
Consider the open ball B = B(f (t), ε4 ) in Z; then f−1(B) is an open neighborhood of
t in f−1(Z). Therefore there exists R ∈ V (Z) such that VR ⊆ f−1(B). Then we have
ε  d
(
f ((R,a)), f ((R,b))
)
< d
(
f ((R,a)), f (t)
)+ d(f (t), f ((R,b)))
<
ε
4
+ ε
4
= ε
2
.
This is clearly a contradiction so that V (Z) is countable. 
Theorem 3. Mx is metrizable.
Proof. Let N ′ denote the subset of N such that N ′ = {n ∈ N : π(f−1(n)) contains
a non-degenerate interval in [0,1]}. By the remark preceding Theorem 2, N ′ is count-
able. Then by definition of Mx and the theorem of Treybig [11], there exists a metrizable
continuum C′ in Mx containing
⋃N ′. If N ′ = ∅, select any element of N to be C′.
Let S′ = {Vr ⊂ S: f (Vr) is degenerate}. Then Cl(f (⋃S′)) is clearly separable; let D
denote a countable dense subset of Cl(f (
⋃
S′)). For each d ∈ D, let Md denote a metriz-
able subcontinuum containing d and C′. Then C = Cl(⋃{Md : d ∈ D}) is a separable
connected IOK and therefore metrizable, and contains C′ and Cl(f (
⋃
S′)). If S′ = ∅, set
C = C′.
Utilizing Lemma 4 of [10], let S3 denote an irreducible closed subset of S that maps
onto Mx and f (x) = f (y) for each gap 〈x, y〉 ∈ S3. Let S2 =⋃{Vr : Vr ∩ S3 = ∅}; S2 is
also clearly closed. Each gap 〈x, y〉 of S2 is “filled” with a copy of open interval (0,1) and
the resulting space S1 is given the natural ordering. Note that there are only countably many
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of [5] so that L is a locally connected continuum, Mx ⊆ L, and g|S2 = f |S2 .
Then by Nikiel [7], there exists a closed metrizable set T ⊆ Mx such that C ⊆ T , each
component of L−T has a two-point (or fewer) boundary. (In particular, we are employing
the version of Nikiel’s results cited as Theorem 3 of [3] and then applying Lemma 4.1
of [7].) Moreover, those components with two-point boundaries form a countable family
since T is metrizable, while those components with one-point boundaries form a countable
family since Mx and therefore X would otherwise fail to be first countable. Each compo-
nent of L−T is contained in some element ofN −N ′. Each such component is separable
and therefore Mx is separable and metrizable by [11]. 
We have therefore shown the following.
Theorem 4. Every first countable Hausdorff space X that is the continuous image of the
lexicographic square is metrizably fibered.
Proof. p :X → X/G is a continuous map from X onto the compact metric space X/G.
Each element of X/G has compact metric fiber Mx for some x ∈ X.
Corollary 5. There exists a compact Hausdorff space X such that each continuous first
countable Hausdorff image Y of X is metrizably fibered but X is not perfectly normal.
Theorem 4 above is best possible. Tkachuk [9, Example 2.3] has shown that every
metrizably fibered compact space must be first countable. Indeed, Mardešic´ and Papic´ [6,
Theorem 4] have constructed a non-first countable and therefore non-metrizably fibered
continuous image of the lexicographic square.
The interesting related question [9, Problem 3.3] whether each first countable continu-
ous image of a metrizably fibered compact space is metrizably fibered remains open.
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